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EMBEDDING RIEMANNIAN MANIFOLDS
BY THEIR HEAT KERNEL

P. BERARD, G. BESSON, S. GALLOT

Abstract

By embedding a class of closed Riemannian manifolds (satisfying some cur-
vature assumptions and with diameter bounded from above) into the same
Hilbert space, we interpret certain estimates on the heat kernel as giving a
precompactness theorem on the class considered.

I. Introduction

The goal of this note is to interpret estimates (see [B1], [B2], [Bes2]
and [G]) on the heat kernels of certain closed Riemannian manifolds as a
precompactness theorem.

Define the set M, x p of closed Riemannian manifolds by

Muk,p={(M, g) | dim M=n, Ricci(g)>(n—1)kg and diameter (M) < D}.

As M. Gromov showed (see [GrLP, p. 65]), this space can be endowed
with a metric structure with respect to which it is precompact. His tech-
nique consists in studying the manifolds from the point of view of metric
spaces — a highly geometric point of view — and by approximating them by
a finite number of points.

In our set up, we exhibit an embedding of any Riemannian manifold
belonging to M, , p into the space £2 of real valued, square integrable
series. This embedding is built using the heat kernel of the manifolds. The
curvature and diameter assumptions, when translated on the heat kernel,
lead to the fact that the image of My i,p by the embedding is bounded in
a subspace h' which in turn embeds compactly into ¢2. Pulling back the
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Hausdorff distance between subsets of £2 we obtain distances on M, 4 p for
which this space is precompact.

Our point of view is more related to the spectral aspect and as such is
less geometric. However, among the results that are spectral (or analytic)
translations of geometric hypothesis very few have a geometric feedback;
this is one example.

A preliminary version of this work appeared in 1986 in preprint form,
with some minor incomplete arguments. The present article contains sev-
eral improvements. In an unpublished paper H. Muto ([Mu}) made some
remarks on our 1986 preprint. Very recently, A. Kasue and H. Kumura
([KKu]), using the same basic idea, described a new topology on the set
of Riemannian metrics on a given closed Riemannian manifold and proved
another precompactness theorem.

In section IV, we define distances between two Riemannian manifolds,
which we call spectral distances, giving a meaning to the notion of conver-
gence of Riemannian manifolds in the sense of the spectrum. This notion
would have to be compared with the one used in K. Fukaya’s work (see
[Ful], [Fu2], [Fu3] and [Fud]).

The necessary estimates on the heat kernel (Theorem 3) are recalled in
section II; in sections III and IV, we define the embedding and the spectral
distances (Definition 7 and Theorem 10). Section V deals with the precom-
pactness theorem (Theorem 14). Spectral distances are compared to the
Lipschitz distance in section VI (Theorem 17); this section also contains
a result on C%-approximation of eigenfunctions (Theorem 21) which is of
independent interest. In section VII, we show that the spectrum is contin-
uous with respect to the spectral distances. Section VIII contains further
comments.

The authors would like to thank Y. Colin de Verdiére for valuable com-
ments.

II. Estimating the Heat Kernel

Let (M, g) be a closed (i.e. compact, without boundary) Riemannian ma-
nifold, and A its Laplace-Beltrami operator.

The heat semigroup is the family of self adjoint operators, e~** (¢t > 0).
It has a smooth kernel. More precisely

Vie LA(M), (e **f)(z) = /M kum(t;z,y) f(y)dy

where kys is a smooth function of (t,z,y) (¢t > 0, z and y in M). It is
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the heat kernel of the Riemannian manifold M. For a review of the main
properties of ky see [Bl], [BeGaM] and [C].

The manifold being closed, the spectrum of the Laplacian is a sequence
of eigenvalues g = 0 < A\; < Ay € A3--- / +o00o. Given an L2(M)-
orthonormal basis {p;}$2, of real eigenfunctions of the Laplacian, one can
write

k(t;z,y) = Z e"’\"wi(fl?)wi(y) .

=0

The operator e~!2 is trace class and

Zu(t) = r_ﬂ'a,ce(e_tA) = / ky(t;z,z)dz = Ze-—)\ii .
M

i=0
Let us recall the following

THEOREM 1 ([BG]|, [BBesG]). Let (M, g) be an n-dimensional closed Rie-
mannian manifold and define

Tmin (M) = inf{Ricci(u, u) | u unit tangent vector to M}

d=d(M) = diameter of M .

If (M, g) satisfies Tin(M)d(M)? > (n — 1)ea? for some € € {—1,0,1}
and some positive number «, then

Vol(M)kpm(¢; z, )< Vol (S™(R)) ks~ (r)(t; P, )=Zsn(r) (t)=Zsn(1)(t/ R?),

where p is any point in the sphere S™(R) of radius R = a(n, e, a)d(M) and
where a(n, €, @) is a real number which is given explicitly in terms of n,¢, .

Remarks 2: 1) Theorem 1 is the analytic translation of the generalized Paul
Lévy—Gromov isoperimetric inequality given in [BBesG]. Any other sharp
isoperimetric inequality would lead to a similar result.

ii) The last equality comes from the invariance of kg~(g)(t; p,p) on the
two-point homogeneous manifold S™(R).

iii) The proof of Theorem 1 uses the so-called symmetrization process
([Bes2]). Given a positive function u on M, let S(u) denote the function
obtained on S"(R) by symmetrizing u around a given point p € S™(R). If
u is not positive, define S(u) to be S(ju|). One can then prove the following
inequality: for any functions u,v on M,

(2% (u),v) < (™45 (S(u)), S(v))
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where (-,-) denotes the L? inner product (either on M or on S™(R)). This
inequality implies Theorem 1. We will need an improved version of Theo-
rem 1.

Let us recall that M, i p is the set of closed Riemannian manifolds of
dimension n, satisfying:
(a) rmin(M) > (n-1)k;
(b) diameter of M =d(M)< D ;
where k is a real number (without any sign assumption) and D a positive
real number.
We then have

THEOREM 3. With the above notations, there exist positive constants
A(n,k, D), B(n,k, D) and C(n,k, D), depending only on n, k and D, such
that, for any (M, g) € My k., p:
i) j—th eigenvalue of M = X\;(M) > A(n, k, D)j2/",
i) Nar(2) = #(\i(M) < X} < 14 B(m, k, D)A/2,
iii) for allz € M and a > 0,

D O AF (M) exp (- tA;(M))pk(z) < %(:1’(—’;’4—?((1 + 1) (nt2)/2

21

Proof: 1) If k > 0, rin(M)d2(M) > 0 and if k < 0, ryin(M)d?(M) >
(n — 1)kD? ; we can then apply Theorem 1, with ¢ and o depending only
on k and D.

2) As a consequence,

Zu(t) = ‘/M km(t; z,z)dz < Vol(M) sup {km(t;z,z)}
< Vol (S™(R)) ks()(t; s P) = Zsn(r)(t) = Zsn(1)(t/R?) .

The trace of the heat operator is thus uniformly bounded on the set M,, i p.
The first term in the summation for Z(t) and Zgn(g)(t) being 1, the

above inequality is equivalent to (Zp(t) — 1) < (Zgn(pr)(t) — 1).
Furthermore the asymptotic expansion of Zgn(1)(t) as ¢t goes to zero

shows that there exists a constant b(n) such that, for any positive ¢,

(Zs»(t) — 1) < b(n)t™™/2

where S™ is the standard unit sphere.
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3) As a consequence
FENQM)-1<e Y e MM <e(Zu(1/X)-1) < e(Zsn(1/A;R?)-1)
0< A <A
§ < N(Aj) =1 < (eb(n)R™)A}/?
recall that R = a(n,e,a)d(M) < a(n,e,a)D and that a(n,e,a) only de-
pends on n, k, D. This proves i) and ii).
4) For z € M, let us define the positive measure p; on Ry by

du, = E(p?(a:)é)\j (we avoid A = 0)
i1

where 8 is the Dirac measure at A\; € R. Then, omitting the mention to
M for the sake of simplicity,

ZAQ tAJ(pJ(z) / A% -—t/\dlll;c

321

integrating by parts gives

0< / AP du,(N) < / A%t + a)e ™, ([0, A])dA
R R

with

p(0,A) = D i)

0<A; <A

As previously, Theorem 1 implies that

Y a)<e Y e 2(x)<esup (kM G;x,x) “‘%T}M’)’)

0<A; <A 0<); <A

and hence

E(n,k, D)

/};)\a'l()\t-f-a)e't’\ux([O,)\])d/\S Vol(M)

/ A (At +a)e~ A/ 2d)
0

and iii) follows. o
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III. Embedding a Riemannian Manifold into a Hilbert Space

Our purpose here is to “uniformly” embed the elements of My, ;. p into the
same Hilbert space; a natural candidate is the space ¢2.

Let €2 be the Hilbert space of real sequences {a;}i>1 such that la;|? <
o0o. Let h! be the Hilbert space of real sequences {a; }i>1 such that }* |a;|*(1+
i?/™) < 0o (n is the dimension of the manifolds belonging to M, & p), with
its natural norm. Rellich’s Theorem asserts that the embedding h! «— £2 is
compact.

DEFINITION 4. Given an n-dimensional closed Riemannian manifold M and
an orthonormal basis a of real eigenfunctions of the Laplacian of M, one
defines the family of maps

Y M £ for t>0,

z — \/5(4%)"/4t("+2)/4{e"""’/2<p;(ar)}j21

(notice that we have suppressed the constant eigenfunction for convenience).

THEOREM 5. Fix an n-dimensional closed Riemannian manifold (M, g)
and an orthonormal basis a of real eigenfunctions of its Laplacian. Let can
denote the Fuclidean scalar product on £2.

i) For all positive t, the map ¥¢ is an embedding of M into ¢%;

ii) The pulled-back metric (@bf)* can is asymptotic to the metric g of M
when t goes to zero. More precisely, (1/);‘)* can = g + #3(1/2 Scaly -g —
Ricy ) + O(t?) when t — 04 (Scaly is the scalar curvature and Ricy the
Ricci curvature tensor of the metric g).

Remarks 6: i) The embedding used in [Gr] is defined by the distance
function and is an isometry for the metric structure. It is then geometric,
but the target space is a Banach space. Our embedding is more analytic
and the target space is a Hilbert space.

ii) Up to a constant factor the embedding v; may also be viewed as the
composition of the map = — kp(t/2;z, ) from M into L2(M,v,) with the
linear isometry from L2(M, v,) onto £2 given by the choice of an orthonormal
basis a of eigenfunctions.

iii) When (M, g) is an irreducible homogeneous space, the pulled-back
metric (4f)* can is homothetic to the metric g for any t. This comes from
the fact that kp (and hence (3§)* can) is invariant by isometries.
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Proof: Recall that a = {p;}32, is a fixed orthonormal basis of real eigen-
functions of the Laplacian.

1) The map 8¢ : z — {e™*!/2p;(x)};>1 is continuous in (¢,z) for ¢ > 0
and z in M; indeed if (t,,z,) converges to (t,z)

182, (zn) = B5(@)l[pe = 3 le™"2pj(wn) — e "2 p5(a)|”
i1

tn+1
= kp(tn; Tn,Tn) + kpm(t;z,2) — 2kpy (—QL;mn,x)

which goes to 0 as n goes to 4+00. The continuity of ¢§ follows. Thus ¢¢(M)
is a compact subset of £2.

2) The map 9§ is also one to one, for all ¢t > 0:

Vi (z) = ¥i(y) <= pi(z) = pj(y) forall j > 0

but {¢;};>0 is a basis of L2(M) and hence separates the points, thus z = y.

The map is then continuous and one-to—one from M which is compact
onto ¥¢ (M), so it is a homeomorphism. Let us now suppose that dyf(X) =
0 for some X € T, M. It follows that dp;(X) = 0 for every j and that
du(X) = 0 for any smooth function u, which implies X = 0.

3) If V is a tangent vector to M at z, then
dey(V) = {e—,\jt/zdzﬂoj(v)}j21 .

The Riemannian metric defined on M by pulling back the metric can
(the Euclidean metric of ¢?) is

a 2 - 2
(ViV)e = [[d2t (V) = D e |daio; (V)| = (dsk)z,z) (Vs V) -
j21
Here, for a function f defined on M x M, dsf is the “mixed second

derivative” of f; more precisely, if d (resp. d;) is the differential with respect
to the first space variable (resp. the second)

dsfiz,e) = dg,ydl,zf(x,y)l(x’x) (i.e. taken on the diagonal).

Let us recall the Minakshisundaram-Pleijel asymptotic expansion (see
[BeGaM, p. 204}): there exist C™ functions u; on M x M such that for any
integer p and for all (z,y) in M x M close to the diagonal

k(t; 1

t;z, y)=mn/—2€_r2(x’y)/“ (uo(z, y)+tur (z, y)+ - +tPup(z, y)+O(tP+1))
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where r(z,y) = Riemannian distance between z and y in M (assumed to be

small). It follows from the proof that this expansion can be differentiated

term by term as many times as needed (see [BeGaM, p. 213] or [C, p. 154)).
Let us define

U(t;z,y) = uo(z,y) + t ur(z,y) + -+ t? uy(z,y) + O(tP*1) .

Differentiating then gives

1 o2 d (1' )
J4t 1
dik = (4 t)“/2 [ r ——tU +d, U]
__ 1 ds(r?),.  di(r?)
dsk = (47rt)"/2 [— 1 U- 1 doU +dgU

- (d{gz)) (— dli’tﬂ) U+ dy U)] e 14t

The function r%(z,y) is smooth on M x M, provided that z and y are close
enough. Then by taking normal coordinates in M, one can easily see that,

di(rP)(V) =do(rH)(V) =0 at (z,z).
Finally,

ds(r*)(z,ey(V,V .
(dsk)e.)(V, V)=t |- 225 )U(tw,w)+(dsU)(z,z)(V,V)] :

We then have the

LEMMA. With the above notation, for any V € T, M,

i) ds(r®)(z,)(V, V) = —2¢.(V,V) (g is the metric of M)
i) (dsuo)(z,2)(V, V) = —1aRicci(V, V).

Proof of the lemma: 1) Let z, be the geodesic segment z; = exp_(tV'). The
derivative dg depending only on the value of the vector field at the point
under consideration we have

0 9
ot let

(dsr?) 2,0y (V. V) = z(wt,ws) ,

but r?(zy,z,) = [t — §|2||VH2. This proves i).
2) Let us recall that

uo(z, y) = [0(z,y)] _l/z(for z and y close enough)
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where

8(z,y) = volume density at y read in the normal coordinates around x
,Y) =
rn—l

with r = r(z,y) (see [BeGaM], p. 208).

For the sake of simplicity let us assume that |V| = 1, the general case
being obtained by an appropriate scaling.

The Taylor expansion of §(z,y) about z ([BeGaM, p. 100}) is a con-
sequence of the second theorem of E. Cartan. This gives that the Taylor
expansion of 8(s,t) = 8(z,, z;) about (z,z) is

8(s,t) = 1 — Ricci (2(s) i’(s))M +O(|t - s?)
? 3 3!

which by an easy computation gives

52(0-1/2 1.
dsuo(V,V) = ——(a'tﬁq—)(o, 0) = '—g!' RJCCIZ(V, V) .
Finally,
1 1
dske)(V,V) = g {gig(V, V) [uo(z, z) + tus (=, 2) + O(t*)]

1 .
-3 Ricciz ) (V,V) + O(t)} .

Let us recall that

up(z,x) = 6(z,z) 2 =1

7(2)

ui(z,z) = 5 where 7 is the scalar curvature of M .
dek 1 t /7 .. 2
sk, (Vs V) = Py gV, V)+3 (§Q(V, V)— Ricci(V, V)) +0(t%)
1 ty/T
dek = — = (T Riced £2
sk ) o F [g+ 3 (zg RlCCl) + O( )]

and
a\*x __ z : — Rice: 2
(%)) —g+3(29 RICCI)+0(t)

which proves the theorem. D
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IV. Spectral Distances

The embedding ¢ of section III (Definition 4) depends on the choice of an
orthonormal basis a of eigenfunctions (due for example to multiple eigen-
values). Given a Riemannian manifold (M, g), we decompose the space
L*(M,g) as L}(M,g) = @ic, Ei, where the E;’s are the eigenspaces of
the Laplacian A, (corresponding to increasing eigenvalues p;). We let
B(M, g) = []:2, B(E;) denote the set of corresponding orthonormal bases.
The space B(E;) can be identified with O(dim E;) and hence B(M, g) is a
compact set with respect to the product topology. This topology can be
described by the following distance.

Given a Euclidean space E, the distance dg(a, b) between two orthonor-
mal bases a,b € B(E) is the usual Euclidean distance between the iden-
tity matrix and the transition matrix from a to b. This distance satisfies
dp(a,b) < 2v/dimE for all a,b € B(E). The distance d on B(M,g) is
defined by

d(a,0)? = 3" i Vdg, (al E:, b E:)”
i=1 :

where the series in the right hand side converges if we choose N > n/ (as
the dimension n of the manifolds under consideration is fixed we may fix N
once and for all).

The fact that the series converges follows from the bounds on multiplic-
ities given by Theorem 3. We now define a slightly different embedding
(which differs from 3§ by a factor).

DEFINITION 7. Given an n-dimensional closed Riemannian manifold M and
an orthonormal basis a = {}} of eigenfunctions of the Laplacian of M, one
defines a family of maps I : M — (2 by

I}z) = \/Vol(M){e"‘ft/ztp';(x)}jZl )

Notice that the family {I#}, is globally invariant under scaling of the
metric.

THEOREM 8. Given an n-dimensional closed Riemannian manifold (M, g),
the map I : R x B(M, g) x M — €2, defined by I(t,a,z) = I}(z), is con-
tinuous. More precisely, we have

12(2) - 2|2 < Vol(M){k(t; z,7) + k(59 y) - 2 (t—‘—;— z, y)
(*)
+d(a,b)(kN(t;z,x)kN(s;y,y))*}
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where kM) (t,z,y) = ¥ )\;-v/2e"\i‘<pg(w)2.
is1

Proof: Take t,s € R}, a,b€ B(M,g), and z,y € M. One can write:

I22() = 22 = Vol() {k(ti2,2) + bsivin) - 28 (T %5000 }

—2Vol(M) ) e (42 {2 (2)0b(y) — 03 (z)el(y)] -
i1

Call the last summation A. In each eigenspace one can write
oi(z) = Z ak;(b,a)pi(z)
k

where o;(b,a) is the transition matrix (which does not depend on z). De-
note by {u;}32, the eigenvalues (as points of the spectrum) and by m(u;)
the multiplicity of u;. One can write A as

m(ui)

A= Ze-ﬂi(t+s)/2 Z <p3?(:1;)<p2(y) (akj(b, a) — ékj)

i>1 Jk=1

m(pi)
415 e (S e

i>1 j=1

[T

m(pi) 3
(3 wi07) ds,, (olBw biEw)
k=1

m(p;) i, mpi) 3
14| sd(a,b)anv’ze’“-‘“*””( > 80?(“3)2) ( > (p;(y)z)
i>1 i=1 k=1
i

3 1
|A|sd(a,b>(ZA§V’2e-*f‘so;(w)2) (Zxﬁv’ze-w;(y)Z) -

i>1 i>1

Recall that k(M)(¢,z,z) = 3 )\;-v/ 2e"\itgp3?(x)2 (this function is con-
i>1

trolled by Theorem 3 (iii)). It follows from the above computations that

113 (2) - B(w)||7 < Vol(M){k(t; z,z) + k(s;9,y) — 2k (-t—%—s z, y)
(*)

+ d(a, 5y (KN (5 2, 2)KM 53, y))*} .

When (t,a,z) — (s,b,y), the right-hand side goes to zero. o
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Let HD denote the Hausdorff distance between compact subsets of ¢2.
Given two Riemannian manifolds M and M’, we define

dy(M, M) = max{ inf HD(I}(M),I¢ (M")),
aeB(M)a’GB(M' ©)

su inf HD I" MY, IH(M
Loup  dat HD(IF (M), (M) |

THEOREM 10. For any fixed t > 0, d; is a distance between isometry

classes of Riemannian manifolds. In particular, di(M,M') = 0 if and only
if the Riemannian manifolds M and M’ are isometric.

We will call this family of distances spectral distances.

Proof: The triangle inequality is easy (same proof as for the Hausdorff
distance). Assume that d;(M,M’) = 0. For every o’ € B(M'), there exists
a sequence (an)nen in B(M) such that the limit of HD(I?*(M), I (M"))
is zero. By compactness of B(M), a subsequence converges to some element
a of B(M). It follows from the trlangle inequality and from inequality
(*) in Theorem 8 that HD(I}(M), I} (M')) = 0. Let a = {pi}i>1 and
a’ = {¢}}i>1. From the definition of H D and the compactness of the images,
one deduces

VeeM 3Ty, € M's.t. fori > 1,

114

VI 2 (x) = VIO 2y,
Vy'€e M' dz, € M s.t. fori > 1,

(1144)

VVol(M)e=t2p(z,) = +/Vol(M")e™ /20! (y").

Step 1. Because eigenfunctions separate the points in the manifold, the
point y; (resp. ;) is uniquely defined and hence the correspondence z — y;
(resp. y' — z) is a well-defined map f; (resp. hy). Furthermore, f, o h; =
Idpy and hy o f; = Idypg. It is-easy to see that f; and h; are continuous.

Step 2. The maps f; and hy are C*® diffeomorphisms.

LEMMA 12. For any z9 € M, there exist n = dim(M) eigenfunctions
Piyy. ..y Pi, such that the gradient vectors i, (xo) span T, M.

Proof of the Lemma: If not, there exists a proper subspace V of T, M
which contains any finite linear combination of the 7¢;(z¢). Any smooth
real function u can be written as u = ag + Y a;yp; (for a; € R) where the
series converges in the C! topology. It follows that yu(zo) = ¥ a; Wpi(o).
Now, any vector in T, M can be written as yu(zo) for some function u :
this leads to a contradiction.
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Proof of Step 2: 'Take zg and ¢;,,...,p;, as indicated in Lemma 12 and
define a map, F : M x M’ — R", by F(z,y’)=(<p,~,‘(a:) - c,-,‘(t)c,o;k(y'));:=l
where c;(t)=e(*—ADt2( Vol(M’)/Vol(M))l/z. Take yy = fi(zo) (and hence,
hi(yy) = zo). The map h, satisfies F(h,(y'),y’) = 0. From Lemma 12, it
follows that the partial differential of F w.r.t the first variable at (zo,yp) is
an isomorphism and hence h; is locally smooth at y;. It follows that h;, is
smooth. The same proof shows that f; is smooth too. o

Step 3. The manifolds M and M’ are isometric.

The direct image ( f;).«dvolys of the Riemannian measure can be written
as a; dvoly (where a, is the Jacobian of h;). Integrating relation (11i), we
obtain, for i > 1 :

0= \/Vol(M)e")“(t/z)‘/ wi(z)dvolp(z)
M
= \/Vol(M’)e"\ﬁ(t/Z)/ oo fi(z)dvoly(z)
M
= VWL [ gi(y)au(y) dvolan(v) -
MI

It follows that a; is orthogonal to the ¢}, ¢ > 1 and hence that a; is
a constant. Because a; is a constant, fM,(f,)*dvolM = a; Vol(M') =
Jisdvolys = Vol(M) and hence a; = Vol(M)/Vol(M'). Integrating re-
lation (11i) squared gives Vol(M)e it = Vol(M')a,e~it; it follows that
Ai = AL, for ¢ > 1 and hence Vol(M) = Vol(M').

Using relation (11i) again and the fact that A\; = X, for ¢ > 1, we
conclude that A’ o ff = f; o A, i.e. the diffeomorphism f; intertwines the
Laplacians. Taking the principal symbols, this implies that f; is an isometry.

[n}

This concludes the proof of Theorem 10.

Remark 13: The above proof applies to kernels of the form Y £(3;)e;()w;(y)
with f injective and decreasing sufficiently fast at infinity. The knowledge
of the kernel determines the eigenfunctions and the eigenvalues and hence
the Riemannian manifold up to isometry.

V. A Precompactness Theorem

THEOREM 14. For any t > 0, the space My . p is d;-precompact.
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Proof: Let h'C£? be the space of sequences {a;} such that (1+j2/")a§ <
i>1

0. By Rellich’s theorem, the inclusion h'<¢2 is compact. For ¢ > 0 and
for a = {¢;} € B(M), we have

7@} = Vol(M) Y (1 + /™) p2(x)
i1
< E(n,k, D) Vol(M) Y (1 + Aj)e™'p}(z)
Jj21
< F(n,k,D)t~™%(1 +t71)

where E(n, k, D) and F(n,k, D) are universal constants; the first inequality
follows from Theorem 3(i), the second from Theorem 3(iii). As a conse-
quence, the set {If(z)|lcr € M € M, k,p,a € B(M)} is a bounded subset in
h! and hence relatively compact in £2: let K denote its closure in £2. We
now consider the compact sets I}(M) C K for M € M, x,p and a € B(M)
(recall that ¢t is fixed).

Recall the following easy lemma:

LEMMA 15. Let (E,8) be a metric space. Let F(FE) denote the set of
non-empty closed subsets of E, equipped with the Hausdorff distance h;
associated with 8. If the metric space (E, §) is precompact, so is the metric

space (F(E), hg).

Consider F(K), the set of non-empty closed subsets of the compact set
K C £, equipped with the distance § = HD, the Hausdorff distance in
£2, Take E to be E = {I}(M)|M € Mnt.p,a € B(M)} C F(K). Given
M € M, D, let I,(M) denote the set {If(M)|a € B(M)} C E. It follows
from the proof of Theorem 10 and from the continuity of I (Theorem 8)
that I;(M) is a closed subset of E (w.r.t the distance §). The set G(E) =
{Ii(M) | M € My x,p} is contained in the set F(E) of non-empty closed
subsets of E, equipped with the Hausdorff distance hs and hence, by the
lemma, G(E) is precompact for that distance. It is now clear that hs; = d;.
This finishes the proof of Theorem 14. o

VI. Comparison between Spectral Distances and Lipschitz
Distances; C%-Approximation of Eigenfunctions

In this section we first examine how the spectral distances behave with
respect to convergence of metrics, in a very simple case (a product collapsing
onto one factor): see Proposition 16. We then investigate the relationships
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between the spectral distances and the Lipschitz distance. Let g be a given
metric on a closed manifold M, with simple spectrum. Any sequence {gm}
of metrics on M which converges to g in the Lipschitz sense also converges
to g for the spectral distance d; (for any fixed ¢ > 0). We also show that
this assertion is no longer true, but still partially true, when the spectrum
of g has multiplicities: see Theorem 17. For the proof we need the following
result which is worth noticing for its own sake: Lipschitz close metrics
have C°-close corresponding eigenfunctions (see Theorem 21 for a precise
statement).

PROPOSITION 16. Let (M™, gp) and (N™, gn) be two fixed closed Rieman-
nian manifolds. Let P,, p € N°*, denote the Riemannian product (M xN, g,,)
where g, = gum + Yp2gn, which collapses onto (M, gp) when p goes to in-
finity. Then, for any fixed t > 0, d;(Pp, M) goes to zero when p goes to
infinity.

Proof: Let {A;}52, (resp. {ne}f2,) be the eigenvalues of (M,ga) (resp.
(N,gn)). The eigenvalues v of P, are of the form A; + p®ytx. As soon as
p> > Aa/p1, the manifolds M and P, have the same A first eigenvalues
A1,...,Aa. Given any orthonormal basis {¢;} (resp. {tx}), of eigenfunc-
tions of Aps (resp. Ay), and any orthonormal basis {6,} of eigenfunctions
of the Laplacian on Pj, the function 6,(z,y) is a linear combination of cor-
responding functions ¢;(z)yx(y) and {p"/?6,} is an orthonormal basis of
eigenfunctions for the Laplacian on P,. With obvious notations

177 (, 9) - I ()|
= Z (\/Vol(M) Vol(N)e_"‘i/2 Oe(z,y) — \/Vol(M)e""‘t/z<p;3(z))2
£

<T+2IT+IIT+IV+V},

where
2
=Y (\/Vol(M) Vol(IV)e¥e/20,(z, y) — v/Vol Me"’\‘t/zgoe(z)) ,
<A
II= Y Vol(M)Vol(N)e "6} (z,y),

ve=Aj+p2pg
i>1,k>1

II= 3 Vol(M)Vol(N)e™'6}(z,y),
ve=Xj
JZA+41

Iv= )" Vol(M)Vol(N)e "6} (z,y),

ve=p3ny
k21
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V=Y Vol(M)e i'pl(z).
i2A+1 :

The following expressions hold:
IT = [Vol(M)kpm(t,z,z) ~ 1] [Vol(N)kN(pzt, y,y) — 1]

IIT= ) Vol(M)e *'p}(z)
J2A+1
IV = [Vol(N)kn(p®t,y,y) — 1] .

As A goes to infinity with p, IT 4 IIT + IV +V goes to zero uniformly
with respect to z,y and the choices of orthonormal bases of eigenfunctions
(use Theorem 3). In order to prove that d;(F,, M) goes to zero it suffices
to estimate the contribution of I. Because of the definition of Hausdorff
distances it suffices to make z = z and to take the supremum in (z,y). As
the A first eigenvalues of P, and M coincide, the corresponding eigenfunc-
tions @, must be constant on NN. It follows that the contribution of I to the
spectral distance is zero. D

We recall that the Lipschitz distance between (isometry classes of) Rie-
mannian metrics g and k on a given closed manifold M is defined as the
infimum of the constants C such that

e °p*(g9) < h < ep*(9)

for some diffeomorphism ¢ of M.

THEOREM 17. Let (M, g) be a closed Riemannian manifold and let {gm }
be a sequence of metrics on M which converges to g for the Lipschitz dis-
tance. We assume furthermore that the Ricci curvatures of all the metrics
under consideration are bounded from below by —(n — 1)K? for some con-
stant K. '

i) If (M, g) has simple spectrum (i.e. all eigenvalues of the Laplacian have
multiplicity one) then g,, converges to g for the spectral distance d, (for
any fixed t).

ii) In the general case, one still has 6:(gm,g) goes to zero as m goes to
infinity where 6, is “half the spectral distance” defined by

- . a b
0.0 = g { Ll (FPUZAD 2D}
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Remark 18: We will give later on (Example 28) an example of a closed
Riemannian manifold (M, g) with a sequence of Riemannian metrics which
converge to g in the Lipschitz sense but does not converge to g for the
spectral distance d;.

The proof of Theorem 15 is decomposed into several propositions of
independent interest. Recall that (M, g) is a fixed closed Riemannian man-
ifold. Let Ay < Ay < --- < Ag < --- be the distinct eigenvalues of Ag;
let Ex and my be the corresponding eigenspaces and multiplicities; let
Ne=my+ - +my.

Fix some kg and let Ny = Ng,. By the continuity of the eigenvalues
with respect to the Lipschitz distance, given by the min-max principle, one
can find €9 > 0 such that the eigenvalues A;(h),...,An,(h) of any metric h
satisfying (1 — €)g < h < (1 + €)g with € < g are all less than Ag,4+; and
contained into pairwise disjoint intervals I about the Ax’s, k < kg.

We then have

ProrosiTiON 19. With the above notations, let h be any metric on M
such that (1—¢)g < h < (1+¢€)g, € < €9. There exist constants 74 ;(€), 1 <
t < Np, which go to zero when € goes to zero, such that to any orthonormal
basis {1;} of eigenfunctions of A, one can associate an orthonormal basis
{j} of eigenfunctions of A, satisfying ||¢i — il #1(g) < 7g,i(€) for i < Ny,
where || - || g1(g) is the norm of the Sobolev space H' for the metric g on M.

Proof: Let Fi, 1 < k < ko be the sum of eigenspaces of A}, corresponding to
the eigenvalues A;(h) contained in the interval I} about Ag. Let 7y denote
the orthogonal projection in L2(g) onto the eigenspace E.

LEMMA 20. For k < ko, there exist functions ax(e) and Bk(¢) which go to
zero with ¢ such that

a) ”(7(], - Id)l/)”Hl(g) < ak(e)llz/)”p(h) for any d) € F;.

b) For any ¢ € @ E; and for any 1, L%(h)-orthogonal to Q} F;,
=1

(0, 9) 129)| < Be(@lell 2o 19l an) -

Proof: This lemma is a reformulation of the “Lemme des petites valeurs
propres” of Y. Colin de Verdiere ([CdV]); see also the version of G. Courtois
([Co)).

The proof is by induction. Let us denote by || - |4, resp. @, the L?(g)-
norm, resp. the quadratic form, associated with the Laplacian A4 and sim-
ilarly for the metric h. In the sequel O(¢) will be a generic function which
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goes to zero with €. By the assumptions on the metrics g and k, there exists
e’ = O(e) such that

(1 =Nl < 19liE < @ +eNll3, for any ¢ € C*°(M)
{ (1-€NQy(¥) < Qu(¥) < (1+€)Qy(¥),  forany ¢ € C®(M) (i)
(1 -€)A;(g) < Aj(h) < (1+€)A(g), for any j>1

Step k=1. Take ¥ € Fy, with |[¢||p = 1. Write ¢ = ¢ + ¢” with
¢ = m1(¢). Then ¢ and ¢” are orthogonal both in L?(g) and with respect
to Qg. It follows that

(1-€){Qq(0)+Qy(¢") }=(1-€)Qe(¥)<Qn(¥)=M1(B) <A1 (1+€") . (ii)

On the other hand Qg(¢”) > Azll¢”]|2 and Qg(p) = Arllell? > AL {(1 +
¢')~1 ~ |l¢"||2}. Plugging these inequalities into (ii) we obtain

" I2=0G), lplZ=1+0(), Qu)=Ai+0(). (i)

From (i7) and (ii¢) we deduce that Qg(<p”) = O(¢). This proves Assertion
a) of the lemma in the case k = 1. It is worth noticing that in (iii) the
estimate on ||¢||2 depends on A; — A; and that so does a; (¢).

In order to prove Assertion b) we first notice that the L2-inner products
of two functions ¢ and v satisfy |(p, ¥)g — (@, ¥)n] = O(e)||l@llgll¥||n (com-
pare the Riemannian measures). Take " Lz(h)-orthogonal to F1 and ¢ in
E,. Assertion a) implies that 7y is a bijection from Fj onto E; (for € small
enough) and hence there exists ¥ in Fj such that ¢ = 7 (). Now

(@, 9" )g = (0, ¥")n + Ol ellgll¥" In
= {p = %, 9" )n + O(E)llellgllv"lIn
= {lle = ¥lls + OE)llellg HI¥"lIn
= 0(&)ll¢llgl1%"lln

using (iii) and Assertion a).

Step (k—1) — k.  Assume that the lemma is proved for F,..., Fi_;.

Define E, = @ E; and Ejl = @ E;. Take any ¢ in F} such that
i<k=1 i>k+1

[l¥lln = 1, and decompose it as ¢’ + ¢ + " with respect to the decom-

position E| @ Ei @ EJ of L*(g). Using inequalities i) as above we can

write

14¢
.

Ak

= 2 (1-¢)7'Qu(¥) 2 Qu(¥) = Qo(¢) + Arllell; + Qq(¢”) - (iv)
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Using Assertion b) in the induction hypothesis we have

le'llg = (¢, ¥)g < Be-1 (¥ Nlg - (v)

By the min-max, we have Q4(¢”) > Ar41/|¢”||2. These last two inequal-
ities and iv) lead to

AkO(e) > (A1 — Ad)lle" I3

which combined with (v) gives ||¢||2 = 1+ O(e). From (iv) we also deduce
that Qg4(¢’)+Q4(¢") = O(e). This proves Assertion a) for Fj and shows as
before that the functions a(g) (and Bk(g)) depend on the metric g through

its spectrum and the numbers Ag4; — Ag.
In order to prove Assertion b), take 9" orthogonal to @ F;, ¢’ in E},
i<k
and ¢ in E;. By Assumption b) in the induction hypothesis, we have
(@ " g = 0@ NIgll¥"||n- By Assertion a), 7y is a bijection from F
onto Ej and hence there is some 1 in F} such that 7x(¢) = ¢. We can then

write
(0 ¥")g = (0, ¥")n + O(E)lellgll¥" |
= {p =9, ¥")n + O)lellgllv”|ln
= O)lellgll¥”lln

using i) and Assertion a) again. This proves Assertion b) for F}, and finishes
the proof of Lemma 20.

Proof of Proposition 19: Take any orthonormal basis {t;} of eigenfunc-
tions of Ap. For each k¥ < ko it defines an orthonormal basis of Fj,
say ¥F,.. .,gbfnk. For € small enough, we can orthonormalize the family
Tk(¥fF) - me(y¥E,) of Ei (Gram-Schmidt) to an orthonormal basis
ok, --,‘an,,- By Lemma 20 the family m(¢F),.. .,wk(z/zfnk) is almost or-

thonormal and hence H(g)-close to ¢¥,..., <pfm. Lemma 20 again shows
that ¥¥,..., ¢k, and o¥,... ok  are H'(g)-close. This proves Proposi-
tion 19. ) o

To finish the proof of Theorem 17 we need the next result which seems
to be of independent interest (in the Theorem, ¢ is the same as the one
defined for Proposition 19 supra).

THEOREM 21. With the above notations, let h be any metric on M such
that (1 —€)g < h < (1 +¢)g, € < 0. We assume furthermore that the
metrics under consideration have their Ricci curvatures bounded from below
by —(n — 1)K? for some constant K. There exist constants ng; k(€), 1 <
¢ < Ny, which go to zero with €, such that to any orthonormal basis {v;}
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of eigenfunctions of Ay one can associate an orthonormal basis {p;} of
eigenfunctions of Ay satisfying ||pi — Yilleo < 14,i,k(€) for i < Ny, where
Il - lloo is the sup-norm.

Proof of Theorem 21: For p > dim(M) we have the Sobolev inequality

lulleo < K5V (g) (dully + llull5)

for any u € C>°(M) from which we deduce an inequality of the following
form for any u € C*°(M)

(p~2)
lulloo < EP (@Il ) (lulloo + lldulloo) =77 . (22)

Let {¢;} be an orthonormal basis of eigenfunctions of A, and let {y;}
be the basis of eigenfunctions of A, associated with {+;} and given by
Proposition 19. Because the metric h is e-Lipschitz close to g, the norms we
consider, for either the metric g or the metric h are comparable: the ratios
of corresponding norms are bounded between, say 15 and 2. We conclude

that for some K,(,a)(g) and any i > 1,

(3) 2/ o = Yillw < (23)
Kp (g)”‘Pi*“/’i”H!p(g){||80i||oo+"¢i”oo+||d80i||L°°(y)+"d¢i”L°°(g)}

In order to conclude the proof of Theorem 21, it suffices to give uni-
form bounds for ||¢illeo, ||#illecs l|d@illLo(g) and ||de;||po(n) (Which con-
trols ||dvi||=(g)) for ¢ < Np. Let us consider [|¢|lo and ||de;||oo(n);
the metrics have their Ricci curvatures bounded below by —(n — 1)K? by
assumption, they also have their diameters bounded from above by some
D > 0 because h is e-Lipschitz close to the fixed metric g. Their IVy first
eigenvalues are bounded from above by (1 + O(e))An,(g) (due to the e-
closeness to g). Applying Theorem 3 (iii) we can conclude that there exists
some C)(Ny, K, g,n) such that

"‘Pl“coa "d’z"oo < CI(NO,Kvgv n) for ¢ S NO . (24)

Now the 1-form dy; is an eigenform for the Hodge-de Rham Laplacian
A acting on 1-forms for the eigenvalue );(h). By Kato’s inequality for
e~81 (see [HSU] and [BG]), and Bochner’s formula

’Ii'a.ce(e"m(l)) - Trace(e_‘(‘i‘*m“i)) < n‘I‘ra.ce(e"t(A“("'l)Kz))
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which implies
— - 2 - ?
e MM dyy |2 dyi(2) [, < ne' "V ka(t; 2, 2)

where kj, is the (scalar) heat kernel for the metric h. Applying Theo-
rem 3 (iii) again, we may conclude that there exists a constant Co( Ny, K, g, n)
such that

ldilloo < C2(No, K, g,n) for i < No (25)
and similarly for ||dy;||so-
It now suffices to apply Proposition 19. o

End of the proof of Theorem 17: Let g and h be e-Lipschitz close as in
Theorem 17. Let a and b be elements of B(M, g) and B(M, h). Asin Lemma
20, there exists €' (going to zero with ¢) such that, for any j

(1 -&)Ai(g) < Aj(h) < (T +A(9) - (26)
By the definition of I? and I?, we have

(HD*(I}(M), (M) <2 ) e |5—j et
1<i<k
: +2Sgp{ Z (e)‘jteh—l)ze‘)‘jtlﬁ?(:l:)}'f"" (27)
1<5<k
+2sup{ Z e ’\tdz }+2sup{ Z e‘l‘itqzjz.(a:)}
{ k+1<j £V k1<)

where /\j,u,-,&j,z/)j stand for Xj(g), Aj(h), +/Vol(M,g)p;, and
Vol(M, h)y;. By the same proof as the one given for Theorem 3 (iii),
the two last terms of (27) are bounded from above by

+ 00
E(n, K, D)t‘"/Z/ sRe=* ds .

tAk41

Let I(u) = fu+°° s"2e=* ds. The function u I(u) goes to zero when u goes
to zero or 400, hence it has a maximum, denoted Iy. Given any n > 0, let
us choose k such that Ay < I Ef, < Agy1, it follows that the two last terms

of (27) are both bounded by nt—"*2, It also follows that the second term
[ +o0 ~
of the right-hand side of (27) is bounded by (e*°F* /21 —1)2 3 e~y (z) ;
j=1
by Theorem 3 (iii) this term is bounded from above by

C(n,K, D)t—ﬂlz(etIoEe'/z,, ~1)2< 77t_(n+2)/2
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for ¢’ small enough (precisely &' < Cte(n/,)*2).
Plugging these inequalities into (27) gives

HD?*(If(M),Ip(M)) <2 Z e=N|3; — 5|20 + 6nt‘("+2)/2 .
)‘iSI"E’/n

From Theorem 21, for any choice of b € B(M, h), there existsa € B(M, g)
such that _ (n42)
> e G - Yillfe <ptT TR
AiSIOE/n

and this proves that 6 [(M,g),(M,h)] < 8nt~"*?%2 (we recall that ¢ is
fixed).

Conversely, if each eigenvalue A\;(g),..., Ax(g) has multiplicity 1, there
exists a choice of ¢ (and then an €') such that A;y1(h) — Ai(h) is bounded
from below for any i € {1,...,k — 1}. As K is assumed to be fixed, all the
invariants occurring in the estimation of v, ;(¢) and 1 i,k (¢) do not depend
on the particular choice of h, as long as h is assumed to be ¢-Lipschitz close
to g. This shows that

dt((M,g)’(M’h’)) <n. o

EXAMPLE 28: We now proceed to the description of the example an-
nounced in the beginning of this section.

Let us consider the 2-torus and the metric g. = df? + (1 4 £)?dp?. Let
{®1,®P2, B3, P4} be the basis of the first eigenspace of Ay, , defined by

®,(0,9) = a};(cosﬂ +cosp), B0,p) = %(0050 — cos )
®3(0,0) = %(sinﬁ + sing) , D4(0,p) = %(sinﬂ ~ sinp)

Any basis {¥¢,¥g} and {T7,¥7} of the two first eigenspaces of A,
can be written

¢ -—-————-—1———-008 o by = -——————1-—-—-—sin «a
U0, 0)= ;o colpta), BF(O,p)= % s sin(pta)

. ( 2(1+¢
REENFe)

For any choice of (@, 3) one has

cos(6+8), Wi(0,¢)=:+ sin(6+8) .
s

1
V2(1+e€)

22
27

inf (®,(0,0) — ¥7(0,9)| 2
int |81(0,0) - ¥5(6, )
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and hence if one extends {®,,..., 8} (resp. {¥¢, ¥g, ¥4, U7}) to an ele-
ment a € B(M, go) (resp. @’ € B(M, g.)), one has

sup inf HD(IZM),I¥ (M")) > Ca(t) >0
aGB(M,go) GIGB(M’QE)

showing that di(go,g.) does not go to zero when € goes to zero, while

61(ge, go) does.
Clearly this example is typical and the fact that é;(go,g.) does not go

to zero comes from the fact that |J  I#(M) is much bigger (because
a GB ( M »go )

of the multiplicities) than  |J  I# (M). o
a’ GB( M,g. )

VII. Continuity of Eigenvalues w.r.t. Spectral Distances

THEOREM 29. The eigenvalues of the Laplacian are continuous with re-
spect to the spectral distances.

Proof: Let M, be a sequence of manifolds which converges to M for the
spectral distance d;. In particular, for any a € B(M), there exists some
br € B(Mjy) such that

HDg (I (My), IFH(M)) < &k < €0 (a)

where ¢ is the size of a fixed tubular neighborhood of the closed submanifold
I#(M) C £2. To such a tubular neighborhood is associated a continuous
projection map w : Tub,, (I#(M)) — I}(M). Introduce the continuous
maps 7 = (I¢)"L om0 I?* : My, — M and the image probability measures

pr = (Tk)edvp, [ Vol(My).
Condition (a) on the Hausdorff distance implies that for all z € M,

o0

S (VVOI(Mi e~ M2yt () — /Val(M)e ™ M2 08 (my(2)))” < eF.

i=1
Integrating the inequalities
—ex < V/Vol(My)e M2yl (1) _ /Vol(M)e~(M24,8 (1 (z)) < &
®

on M, with respect to the probability measure dvyy, / Vol(My), gives

vi, |VERIEDe o0 [ so:f(y)dukw)\ <er. ©
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Take any converging subsequence of the sequence {ur}. The limit is
a probability measure 4 on M. By (c), this measure satisfies p(p;) = 0
for all # > 1 and it follows that g = dvp/ Vol(M) and that the sequence
{px} itself converges. Integrating inequality (b) squared (with respect to
dvp, [ Vol(My)), we can conclude that for any fixed 7, and any fixed ¢,
e~ (M)t tends to e~ (M) a5 k tends to infinity. o

VIII. Further Comments

a) Embedding into an infinite dimensional sphere.
In order to “renormalize” the embedding 1§ and avoid the collapsing on
a point when t goes to zero, we can use the following family of maps

M — 2

1 At
Ki:z— {e " "2p;(2)}im1 -
C G egEET

ProPOsSITION 30. The map K} is an embedding for each t > 0; furthermore

i) K¢(M) C S the unit sphere of 2.

i) if g} is the metric g, = (K¢)*can, then g} = 1f4g — #3 Ricci+0(#?)]
when t goes to zero.

Remark: Any minimal submanifold of a canonical sphere is embedded by
an eigenspace [L]. Is K; asymptotically minimal in any reasonable sense?

b) Embedding the unitary bundle.

The precompactness theorem (Theorem 8) relies on Theorem 3, i.e. re-
lies on the estimate of ka(t; x, ) and the corresponding one on Z(t) (or
equivalently Vol(M )k (t;z,z) — 1 and Zp(2) — 1).

Any such estimate would yield a precompactness result. For example,
let us call UM the total space of the unitary bundle of M endowed with the
canonical Riemannian metric given by M, it was proved in [BG] and [Bes1]
that

PROPOSITION 31. With the above notations
0 S kUM(t’ u, u') S kM(t7 z, :"'),‘:S""1 (t;p,p) .

For u a point in UM which projects down onto x and p any point in the
standard sphere S™~!. Consequently

Zuym(t) £ Zm(t)Zsn-1(2) -
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This enables us to give the following improvement of Theorem 8. Let
us embed M € M,k p into £2 by the “heat kernel” of UM. Then by the
same technique as in section IV we can define a distance on M,, i p, say
Dy, using the Hausdorff distance on subset of £2. We then have

PROPOSITION 32. For any fixed t the metric space (M k,p, D:) is precom-
pact.

The proof is easy, it uses Proposition 31 above and the estimates of
Theorem 1.
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