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Abstract. This is an outreach article of our recent research article “Constructing Turing complete Euler flows in
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1. Introduction

In the book The Emperor’s new mind [10] Sir Roger Penrose returns to the artificial intelligence debate to
convince us that creativity cannot be presented as the output of a “mind” representable as a Turing machine. This
idea, which is platonic in nature and highly philosophical, evolves into more tangible questions such as: What kind
of physics might be non-computational?.

The ideas of the book are a source of inspiration and can be taken to several landscapes and levels of complexity:
Is hydrodynamics capable of performing computations? (Moore [9]). Given the Hamiltonian of a quantum many-
body system, is there an algorithm to check if it has a spectral gap? (this is known as the spectral gap problem,
recently proved to be undecidable [5]). And last but not least, can a mechanical system (including a fluid flow)
simulate a universal Turing machine (universality)? (Tao [15, 16, 17]).

This last question has been analyzed in relation to the conjecture of the regularity of the Navier-Stokes equa-
tions [14], which is one of the unsolved problems in the Clay’s millennium list. In [18] Tao speculates on a connection
between a potential blow-up of the Navier-Stokes equations and Turing completeness and fluid computation. It is
interesting to mention that another of the one million dollars problem on the same list whose resolution is still
pending is the P versus NP problem, which concerns the complexity of systems. Grosso modo, the question is if
any problem whose solution can be verified by an algorithm polynomial in time (“of type NP”) can also be solved
by another algorithm polynomial in time (“of type P”). The delicate distinction between verification and solution
has opened up an intricate scenery combining research in theoretical computer science, physics and mathematics.
Although there is no apparent relation between these two celebrated problems, understanding a fluid flow as a
Turing machine may shed some light on their connection.

On the other hand, undecidability of systems is everywhere and also on the invisible fine line between geometry
and physics: As proven by Freedman [7] non-abelian topological quantum field theories exhibit the mathematical
features (combinatorics) necessary to support an NP-hard model. This relates topological quantum field theory and
the Jones polynomial (as described by Witten [19]) to the P 6= NP problem. Other undecidable problems on the
crossroads of geometry and physics are the stability of an n-body system [8], the problem of finding an Einstein
metric for a fixed 4-fold as observed by Wolfram [20], ray tracing problems in 3D optical systems [12], or neural
networks [13]. Fundamental questions at the heart of low dimensional geometry and topology such as verifying the
equivalence of two finitely specified 4-manifolds [20] or the problem of computing the genus of a knot [1] have also
been proven to be undecidable and NP -hard problems, respectively.

In [4] we addressed the appearance of undecidable phenomena in fluid dynamics proving the existence of stationary
solutions of the Euler equations on a Riemannian 3-dimensional sphere that can simulate any Turing machine
(i.e., they are Turing complete). These solutions describe the dynamics of an inviscid and incompressible fluid in
equilibrium. The type of flows that we consider are Beltrami fields, a particularly relevant class of steady Euler flows.
Our novel strategy fusions the computational power of symbolic dynamics with techniques from contact topology
and its connection with hydrodynamics unveiled by Sullivan, Etnyre and Ghrist more than two decades ago.
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2. Euler equations and Beltrami fields

Euler equations model the dynamics of an incompressible fluid flow without viscosity. Even if they are classically
considered on R3, they can be formulated on any 3-dimensional Riemannian manifold (M, g) and follow the same
mnemonics as the classical ones from vector calculus (for an introduction to the topic see [2, 11]). The equations
can be written as: {

∂
∂tX +∇XX = −∇p ,
divX = 0 ,

where p stands for the hydrodynamical pressure and X is the velocity field of the fluid (a non-autonomous vector
field on M). Here ∇XX denotes the covariant derivative of X along X. A solution to the Euler equations is called
stationary whenever X does not depend on time, i.e., ∂

∂tX = 0.

The Euler equations can be defined in higher dimensions [2], an extension that is very useful to show that the
steady Euler flows exhibit remarkable universality features as we proved in [3]. In this note, however, we shall
restrict ourselves to 3-dimensional fluids.

A short comprehensive dictionary:

• A volume-preserving (autonomous) vector field X on M is Eulerisable if there exists a Riemannian metric
g on M compatible with the volume form, such that X satisfies the stationary Euler equations on (M, g)

∇XX = −∇p , divX = 0 . (2.1)

• A divergence-free vector field X on (M, g) is Beltrami if

curlX = fX ,

with f ∈ C∞(M). The classical Hopf fields on the 3-sphere S3 and the ABC flows on the 3-torus T3 are
examples of Beltrami fields.

3. Turing machines

A Turing machine is a mathematical model of a theoretical device manipulating a set of symbols on a tape
following some specific rules. It receives, as input data, a sequence of zeros and ones and, after a number of
steps, returns a result, also in the form of zeros and ones. More concretely: A Turing machine is defined as
T = (Q, q0, qhalt,Σ, δ), where Q is a finite set of states, including an initial state q0 and a halting state qhalt, A is
the alphabet, and δ : (Q×Σ) −→ (Q×A× {−1, 0, 1}) is the transition function. The input of a Turing machine is
the current state q ∈ Q and the current tape t = (tn)n∈Z ∈ AZ.

How a Turing machine works: If the current state is qhalt then halt the algorithm and return t as output.
Otherwise compute δ(q, t0) = (q′, t′0, ε), replace q with q′, t0 with t′0 and t by the ε-shifted tape.

The space of configurations is denoted by P := Q×AZ. The global transition function ∆ : Q\{qhalt}×AZ → P
(it sends a configuration in P to the configuration obtained after applying a step of the algorithm). A Turing machine
is reversible if the global transition function ∆ is injective.

Native to the realm of computer science, the notion of Turing completeness in the title of the article [4] refers to
a system that can simulate any Turing machine.

The halting problem: In computability theory, the halting problem is the problem of determining, from a de-
scription of an arbitrary computer program and an input, whether the program will finish running (halting state),
or continue to run forever. Alan Turing proved in 1936 that a general algorithm to solve the halting problem for all
possible program-input pairs cannot exist. A key part of the proof is the formulation of a mathematical definition
of a computer and program, which is the previously introduced notion of Turing machine; the halting problem is
undecidable for Turing machines. The halting problem is historically important as it was one of the first problems
to be proved undecidable.

Turing machines and universality. An Eulerisable field on a manifold M is Turing complete if it can simulate
any Turing machine. In other words, the halting of any Turing machine with a given input is equivalent to a certain
bounded trajectory of the field entering a certain open set of M .

A Turing machine can be simulated by a dynamical system (a vector field or a diffeomorphism).
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Figure 1. Turing machine, Alan Turing and a Turing complete vector field associated to a point
and an open set.

4. Our construction

The construction that we provide in [4] can be understood as a mathematical theoretical fluid computer; it takes
as input data a point in space, processes it -following the trajectory of the fluid through that point- and offers, as
a result, the next region to which the fluid has moved. The result is an incompressible fluid with no viscosity in
dimension three. In the proof we use techniques from geometry, topology and Dynamical Systems developed over
the last 30 years. Specifically, we combine symplectic and contact geometry and fluid dynamics, with computer
science theory and mathematical logic.

4.1. Geometry to the rescue. Beltrami fields have a strong geometrical flavour. In terms of the dual one-form
α = ιXg, and the volume form µ, the equation of Beltrami fields reads{

fιXµ = dα
dιXµ = 0

When f does not vanish, the one-form α is a contact form (i.e., such that α ∧ dα 6= 0) as observed longtime ago
in [6]. One of the main characters of contact manifolds and the study of their dynamics are Reeb vector fields R,
which are characterized by the conditions α(R) = 1 and ιRdα = 0. In [?] it was also proved that any Reeb vector
field defines a steady Euler flow for some ambient metric. This correspondence gives a mirror between contact
geometry and Beltrami fields.

A Reeb suspension: A key point of our construction lies in the following theorem which we also prove in [4]:

Theorem 4.1. Let (M, ξ) be a contact 3-manifold and ϕ : D → D an area-preserving diffeomorphism of the disk
which is the identity (in a neighborhood of) the boundary. Then there exists a defining contact form α whose
associated Reeb vector field R exhibits a Poincaré section with first return map conjugated to ϕ.

4.2. A bit of symbolic dynamics. In 1991, Moore generalized the notion of shift to be able to simulate any
Turing machine. Given a Turing machine there is a generalized shift φ conjugated to it. Conjugation means that
there is an injective map ϕ : P → AZ such that the global transition function of the Turing machine is given by
∆ = ϕ−1φϕ.

Key observation: Generalized shifts are conjugated to maps of the square Cantor set C2 := C×C ⊂ I2, where
C is the (standard) Cantor ternary set in the unit interval I = [0, 1].

Point assignment: take A = {0, 1}. Given s = (...s−1.s0s1...) ∈ AZ, we can associate to it an explicitly
constructible point in the square Cantor set. We just express the coordinates of the assigned point in base 3: the
coordinate y corresponds to the expansion (y0, y1, ...) where yi = 0 if si = 0 and yi = 2 if si = 1. Analogously, the
coordinate x corresponds to the expansion (x1, x2, ...) in base 3 where xi = 0 if s−i = 0 and xi = 2 if s−i = 1.

Moore proved that any generalized shift is conjugated to the restriction to the square Cantor set of a piecewise
linear map of I2. This map consists of finitely many area-preserving linear components defined on blocks. If the
generalized shift is bijective, then the image blocks are pairwise disjoint. Each linear component is the composition
of two linear maps: a translation and a positive (or negative) power of the horseshoe map.

In [4] we prove that:

Proposition 4.2. For each bijective generalized shift and its associated map of the square Cantor set φ, there exists
an area-preserving diffeomorphism of the disk ϕ : D → D which is the identity in a neighborhood of ∂D and whose
restriction to the square Cantor set is conjugated to φ.

This allows us to assemble all the former pieces into the final construction.
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Figure 2. An example of a piecewise linear map of the square.

4.3. End of the proof: On the other side of the mirror. Using the contact mirror, the proposition above and
Theorem 4.1 we can prove the main result in [4]:

Theorem 4.3. There exists an Eulerisable flow X on S3 that is Turing complete.

The metric g that makes X a stationary solution of the Euler equations can be assumed to be the round metric
in the complement of an embedded solid torus (which is the region where the universal Turing machine is encoded).

5. Conclusions

5.1. Undecidability and chaos. Because of the undecidability of the halting problem for Turing machines, an
important property of a Turing complete dynamical system is the existence of trajectories which exhibit undecidable
long-term behavior. Specifically, it is undecidable to determine if the trajectory through an explicit point will
intersect an explicit open set of the space.

One of the main consequences of the result is that it allows us to prove that certain phenomena of hydrodynamics
are undecidable. That is, there is no algorithm to ensure that a fluid particle will pass through a certain region of
space in finite time (in metaphoric terms: if we send a message inside a bottle, we cannot guarantee that it will reach
its recipient). This inability to predict, which is different from that established by chaos theory, can be understood
as a new manifestation of the turbulent behaviour of fluids.

In chaos theory, unpredictability is associated with the extreme sensitivity of the system to the initial conditions
-the flutter of a butterfly can generate a tornado- in this case: we prove that there can be no algorithm that solves
the problem, it is not a limitation of our knowledge, but of the mathematical logic itself.

5.2. Theoretical fluid computers and the Navier Stokes problem. Tao launched a programme in 2016 based
on the Turing completeness of the Euler equations to address the blow up problem for the Navier-Stokes equations
included in the Clay Foundation’s list of Millennium Problems. Tao’s proposal is, at the moment, speculative. The
idea of Tao is to use a Theoretical fluid computer to force the fluid to accumulate more and more energy in smaller
regions, until a singularity is formed, that is, a point at which the energy becomes infinite. However, at the moment
it is widely open how to do this for the Euler or Navier-Stokes equations.
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de Catalunya and BGSMath Barcelona Graduate School of Mathematics, Avinguda del Doctor Marañon 44-50, 08028 ,
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